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Abstract
The Digamma and Polygamma functions are important tools in math-
ematical physics, not only for its many properties but also for the applica-
tions in statistical mechanics and stellar evolution. In many textbooks is
found its develop almost by the same procedure. In this paper expressions
for the Digamma and Polygamma functions, in terms of hypergeometric
functions, are found through the derivative definition.
1 Introduction.
So far, for the definition of the Digamma Function, ψ(z), is usual to find the
expression starting from the Euler Infinite Limit definition of Γ(z):
Γ(z) = lim
n→∞
n!
(z + 1)(z + 2)...(z + n)
nz (1)
Then taking the natural logarithm and then differentiate, thus obtaining, as
appear in [1], [4] and [2]:
ψ(z + 1) =
d ln Γ(z + 1)
dz
= −γ +
∞∑
n=1
z
n(n+ z)
(2)
where γ is the Euler-Mascheroni constant.
However, there’s almost nothing about how to obtain ψ(z) from the usual
derivative definition
dΓ(z)
dz
= lim
h→0
Γ(z + h)− Γ(z)
h
(3)
In this paper we elaborate an expression of the Digamma function from the
derivative definition. It will be shown that is only necessary application of ele-
mental series expansion [5] and some Gamma and Beta functions identities, [1]
and [6],to obtain it.
1
2 Construction.
As mentioned earlier, dlnΓ(z)
dz
, the Digamma function, will be develop from the
derivative definition. For that, we will need some useful results.
We use the next identities, which can be found in [1] and [6]:
B(z, h) =
Γ(z)Γ(h)
Γ(z + h)
(4)
B(z, h) =
z + h
h
B(z, h+ 1) (5)
In addition, we use the following Beta function’s expansions:
B(z, h) = 2
∫ Π
2
0
cos2z−1(θ) sin2h−1(θ)dθ
= 2
∫ Π
2
0
cos2z−2(θ) sin2h(θ)
cos(θ)
sin(θ)
dθ
= 2
∫ 1
0
(1− u2)z−1u2h−1du
≈ 2
∫ 1
0
[
1− (z − 1)u2 +
(z − 1)(z − 2)u4
2!
−
(z − 1)(z − 2)(z − 3)u6
3!
+ · · ·
]
u2h−1du
that becomes
B(z, h) ≈
1
h
−
(z − 1)
h+ 1
+
(z − 1)(z − 2)
2!(h+ 2)
−
(z − 1)(z − 2)(z − 3)
3!(h+ 3)
+ · · · (6)
With the same procedure, we obtain
B(z, h+ 1) ≈
1
z
−
h
z + 1
+
h(h− 1)
2!(z + 2)
−
h(h− 1)(h− 2)
3!(z + 3)
+ · · · (7)
Starting now from equation (3)
dΓ(z)
dz
= lim
h→0
Γ(z + h)− Γ(z)
h
(8)
= lim
h→0
Γ(z)Γ(h)
B(z,h) − Γ(z)
h
= lim
h→0
Γ(z)
[
Γ(h)−B(z, h)
hB(z, h)
]
1
Γ(z)
dΓ(z)
dz
= ψ(z) = lim
h→0
Γ(h)−B(z, h)
(z + h)B(z, h+ 1)
(9)
2
where ψ(z) is the Digamma Function and the identities (4) and (5) were used.
We now use Weierstrass’s Gamma Function definition for Γ(h) and expand
lim
h→0
Γ(h) = lim
h→0
1
h
e−γh
∞∏
n=1
(
1 +
h
n
)
−1
e
h
n
≈ lim
h→0
1
h
(
1− γh+O(h)2
)
lim
h→0
∞∏
n=1
(
1 +
h
n
)
−1
e
h
n
lim
h→0
Γ(h) ≈ lim
h→0
1
h
− γ (10)
Substituting the expressions (6), (7) and (10) in equation (9) and taking the
limit of h, the desired result is finally obtained
ψ(z) = −γ +
∞∑
n=1
(−1)n+1
n∏
i=1
(z − i)
nn!
(11)
3 Yet another expression for Digamma and Polygamma
functions
It can be shown that
n∏
i=1
(z − i) = −(−1)n+1
Γ(n+ 1− z)
Γ(1− z)
= −(−1)n+1(1 − z)n
where (1− z)n is the Pochhammer symbol, [3, eq. 89.1.1]. Using this result
in equation (11) leads to
ψ(z) = −γ −
∞∑
n=1
(1− z)n
nn!
(12)
and in terms of hypergeometric functions
ψ(z) = −γ − (1 − z) 3F2(2− z, 1, 1; 2, 2; 1) (13)
Finally we can define the Polygamma Functions as:
ψ(l)(z) =
d l
dzl
((z − 1)3F2(2− z, 1, 1; 2, 2; 1)) (14)
with l = 1, 2, 3, . . ., for the derivatives of the Digamma function.
3
As a final comment, for evaluations in the form
ψm(z) = −γ −
m∑
n=1
(1− z)n
nn!
is necessary that m ≥ ℜ(z) to converge.
4 Conclusion.
It was demonstrated that is possible to find an expression of the digamma func-
tion developed from the derivative definition. These expressions, equations (12)
to (14), are alternative definitions for the digamma and polygamma functions.
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